We present new results for the τ hadronic spectral functions analysis using data accumulated by the ALEPH detector at LEP during the years 1991-94. In addition to the vector spectral function, the axial-vector spectral function and, separately, the τ − → 2π − π + ντ as well as the τ − → π − 2π 0 ντ spectral functions are determined from their respective unfolded, i.e., physical invariant mass spectra. The spectral functions are applied to QCD chiral sum rules in order to extract information about saturation at the τ mass scale. Using the the semi-leptonic τ decay rate for vector and axial-vector currents in addition to spectral moments, we obtain precise measurements of the strong coupling constant αs(Mτ ) and the contributing non-perturbative power terms. The evolution to the Z mass yields αs(MZ) = 0.1219 ± 0.0019.
INTRODUCTION
Spectral functions of hadronic τ decays are the key objects for various interesting studies concerning resonance structure analysis, the Conserved Vector Current hypothesis (CVC) and QCD tests involving strong sum rules and the measurement of α s . The ALEPH measurement of the vector spectral functions and related topics was presented at the same conference by R. Alemany [1] (see also [2] ).
In this article we deal with new data of the spectral functions from non-strange, axial-vector hadronic τ decays measured by the ALEPH Collaboration. We create the sum and the difference of vector and axial-vector spectral functions to get access to information about the saturation of QCD sum rules at the τ mass scale. As an application, we determine the electric polarisability of the pion from chiral QCD constraints. In calculating the semi-leptonic τ widths and so-called spectral moments of the vector and axial-vector currents, we independently fit the strong coupling constant α s (M τ ) and the respective nonperturbative contributions of the Operator Product Expansion (OPE) power series [3, 4] using the framework already exploited in previous analyses [5] [6] [7] . We finally perform a combined fit of all components in order to obtain the best value of α s (M τ ).
SPECTRAL FUNCTIONS OF VEC-TOR AND AXIAL-VECTOR CUR-RENTS
The measurement of the non-strange τ vector (axial-vector) current spectral functions requires the selection and identification of τ decay modes with a G-parity G=+1 (G=−1), i.e., hadronic channels with an even (odd) number of neutral or charged pions. The isovector spectral function v 1, V − (a 1, A − ) of a vector (axial-vector) τ decay channel V − ν τ (A − ν τ ) is obtained by dividing the normalized invariant mass-squared distribution (1/N V /A − )(dN V /A − /ds) for a given hadronic mass √ s by the appropriate kinematic factor (throughout this article, charge conjugate states are implied):
where |V ud | = 0.9752 ± 0.0007 denotes the CKM weak mixing matrix element [8] and S EW = 1.0194 accounts for electroweak second order corrections [9] . The τ mass M τ = 1776.96
+0.31
−0.27 MeV/c 2 is taken from the recent BES measurement [10] .
The spectral functions are normalized by the ratio of the respective vector/axial-vector branching fraction B(τ − → V − /A − ν τ ) to the branching fraction of the electron channel B(τ − → e −ν e ν τ ) = 17.79 ± 0.04 [11] , where the latter is additionally constrained via universality from B(τ − → µ −ν µ ν τ ) and the τ lifetime. Note that our definition of the τ spectral functions differs from the one used in [12] by an additional factor 4π 2 .
Assuming unitarity (which implies the optical theorem) and analyticity to hold, the spectral functions of hadronic τ decays are related via dispersion relations to the imaginary parts of the two-point correlation functions Π µν ij,U (q) = i d 4 x e iqx 0|T (U µ ij (x)U ν ij (0) † )|0 of vector (U ≡ V =ψ j γ µ ψ i ) or axial-vector (U ≡ A = ψ j γ µ γ 5 ψ i ) colour-singlet quark currents in corresponding quantum states (see, e.g., [4, 13] ).
THE MEASUREMENT PROCEDURE
The measurement of the spectral functions defined in Eq. (1) requires the determination of the physical invariant mass-squared distribution. The details of the analysis are reported in [2] . A description of the ALEPH detector and its performance is published in [14] .
In the following, we will briefly outline the important steps of the measurement procedure:
-Tau pairs originating from Z 0 decays are detected utilizing their characteristic collinear jet signature and the low multiplicity of their decays. Using the data from 1991-94, a total 124 358 τ pairs is selected corresponding to a detection efficiency of (78.8 ± 0.1)%. The overall non-τ background contribution in the hadronic modes amounts to (0.6 ± 0.2)%. Details about the ALEPH τ pair selection are given in [16] [17] [18] .
-Charged particles (electrons, muons and hadrons) are identified employing a maximum likelihood method to combine different and essentially uncorrelated information measured for each individual track. The procedure and the discriminating variables used in this analysis are described in [19, 17] . The calibration of charged tracks is performed using low radiating e + e − → µ + µ − events at beam energy and the invariant mass measurement of well-known, narrow resonances at low and intermediate energies. The resulting calibration uncertainty amounts to less than 0.1%.
-Photons are reconstructed by collecting associated energetic electromagnetic calorimeter (ECAL) towers, forming a cluster. To distinguish genuine photons from fake photons a likelihood method is applied using ECAL information, e.g., the fraction of energy in the respective ECAL stacks, the transverse size of the shower or the distance between the barycentre of the cluster and the closest charged track. The energy calibration is performed using electrons originating from Bhabha, τ and two-photon events. We obtain a relative calibration uncertainty of about 1.5% at low energy, 1% at intermediate energies and 0.5% at high energy.
-The π 0 f inder uses the virtue of a π 0 -mass constraint fit to correctly attribute two reconstructed photons to the corresponding π 0 decay. At higher π 0 energy, the opening angle between the boosted photons tends to become smaller than the calorimeter resolution so that the two electromagnetic showers are often merged in one cluster. The transverse energy distribution in the ECAL nevertheless allows the computation of energy-weighted moments providing a measure of the two-photon invariant mass. Remaining photons are considered as originating from a π 0 where the second photon has been lost.
-The classif ication of the inclusive hadronic τ decay channels is performed according to [18] on the basis of the number of reconstructed charged and neutral pions. The exclusive channels listed in Table 1 are obtained by subtracting the τ and non-τ background and the strange contribution from the inclusive measurements using the Monte Carlo simulation. In order to extract the physical invariant mass spectra from the measured ones it needs to be unfolded from the effects of measurement distortion.
-The unfolding method used here is based Table 1 Vector and axial-vector hadronic τ decay modes with their contributing branching fractions. According to [15] , the KKπ channels are assumed to be (78 +22 −28 )% vector and (25 ± 25)% axial-vector, while the errors are 100% anti-correlated. The KKππ ν τ modes are conservatively assumed to have (50 ± 50)% vector and axial-vector parts. (1) 2π − π + 3π 0 ν τ 0.04 ± 0.02 (1) 2π − π + 2π 0 ν τ 0.10 ± 0.02
1.83 ± 0.09
0.42 ± 0.09
0.17 ± 0.03 [20] .
Systematic Errors
The study of systematic errors affecting the measurement is subdivided into several classes according to their origin, viz., the photon and π 0 reconstruction, the charged track measurement, the unfolding procedure and additional sources. Since we use an unfolding procedure based upon a detector response matrix from the Monte Carlo simulation, the reliability of the simulation has to be subjected to detailed studies [2, 1, 18] .
In order to check the photon reconstruction in the ECAL, we studied the influence of calibration and resolution uncertainties as well as possible problems with the reference distributions of a likelihood used to veto fake photon candidates, of the contamination and energy distribution of fake photons, of the photon detection efficiency at threshold energies (E thresh γ = 300 MeV) and in the neighborhood of charged tracks.
Correspondingly, the effects of calibration and resolution uncertainties in the measurement of charged tracks are checked, accompanied by tests of the reconstruction efficiency of highly collimated multi-prong events, and the simulation of secondary nuclear interactions.
In addition, systematic errors introduced by the unfolding procedure are tested by comparing known, true distributions to their respective unfolded ones and by varying the regularisation conditions.
Finally, we add systematic errors due to the limited Monte Carlo statistics and to uncertainties in the branching ratios of the respective τ decay modes.
Invariant Mass Spectra and Spectral Functions
The measurement procedure sketched above provides the physical invariant mass spectra of the measured τ decay modes including their respective bin-to-bin covariance matrices obtained after the unfolding of the spectra from the statistical errors and the study of systematic uncertainties.
The exclusive vector and axial-vector τ decay channels are listed in Table 1 . The branching ratios shown are mainly taken from [18] , including recent improvements in the precision of the measurements of τ decays involving η and ω mesons [21, 22] as well as Kaons [23] .
The total vector and axial-vector current spectral function (1) is obtained by summing up the exclusive spectral functions with the addition of small contributions from unmeasured modes. These are taken from the KORALZ3.8, TAUOLA1.5 [24] τ Monte Carlo simulation (accompanied by an inflated systematic error), as discussed below.
Vector Spectral Function
The two-and four-pion states are measured exclusively, while the six-pion state is only partly measured. The total six-pion branching ratio has been determined in [2] using isospin symmetry. However, this procedure is not straight forward, as one has to consider that the six-pion channel is contaminated by isospin-violating τ − → η 2π − π + , η π − 2π 0 ν τ decays (which were reported for the first time by the CLEO Collaboration [22] ).
The small fraction of the ω π − ν τ decay channel that is not reconstructed in the four-pion final state is added using the simulation.
Similarly, we correct for η π − π 0 ν τ decay modes other than η → 2γ which is classified in the h − 3π 0 ν τ final state. The K − K 0 ν τ is taken entirely from the simulation.
Using isospin constraints from τ branching ratios deduced in [25] , it can be shown [15] that the KKπ channels are (78 A preliminary ALEPH analysis [2] of τ decays into KKππ final states yields a total branching ratio of (0.17 ± 0.05)%. However, their vector and axial-vector parts are unknown and are therefore both estimated to be (50 ± 50)%.
For additional details on the vector spectral functions see Ref. [2, 1] . The total τ vector spectral function is compared to the isospin rotated cross sections from isovector e + e − final states [2, 1] is depicted in Fig. 1 . The agreement between both curves is fairly good, keeping in mind the appearance of large bin-to-bin correlations within the τ spectral function as a consequence of the necessary regularisation during the unfolding procedure. 
Axial-Vector Spectral Function
The three-pion spectral functions are measured in both occurring final states. Fig. 2 shows the unfolded 2π − π + ν τ and π − 2π 0 ν τ mass spectra with reasonable agreement in form and normalization. The small bump of the measured 2π − π + ν τ spectrum at low mass ( Fig. 2) is caused by decays where only two charged tracks are reconstructed. Due to incomplete ECAL energy collection, the measured π − 2π 0 ν τ distribution is slightly shifted to lower masses. These details are well reproduced by the Monte Carlo simulation. We assume in the following that both channels have identical spectra and use the weighted average of the distributions for the total axial-vector spectral function.
The five-pion spectral functions are exclusively measured in the 2π − π + 2π 0 ν τ and 3π − 2π + ν τ final states. Using Pais' isospin classes [26] , the branching fraction of π − 4π 0 ν τ can be bounded entirely using the 3π − 2π + π 0 ν τ branching fraction. It is found to be smaller than 0.055%. We In analogy to the vector case, we add the small fraction of the ω π − π 0 ν τ decay channel that is not accumulated in the 2π − π + 2π 0 ν τ final state using the simulation.
Also considered are the axial-vector η(3π) − ν τ final states [22] and, as in the vector case, a (50 ± 50)% KKππ contribution. Both spectral functions are taken from the simulation accompanied by comfortable systematic errors due to the uncertainty of the respective invariant mass distributions.
The total axial-vector spectral function is plotted in Fig. 3 . However, we are still not in the asymptotic region at the τ mass scale. We may expect additional oscillations to lift the spectral function to roughly 1.2 times the naive parton model prediction (that is expected asymptotically). (v 1 + a 1 ) Spectral Function
In the favourable case of the vector plus axialvector spectral function we do not have to distinguish the current properties of the respective non-strange hadronic τ decay channels. Hence we measure the mixture of all contributing nonstrange final states as inclusively as possible. The dominating two-and three-pion final states are still measured exclusively, while the remaining contributing topologies are treated inclusively, i.e., without any subtraction of τ -background originating from one of the considered decay modes. This improves the statistical error. Another advantage is, that we do not have to worry about the current properties of the KKπ and KKππ modes or about possible missing, i.e., unmeasured, τ decay modes as they are necessarily contained in the inclusive sample.
The (v 1 + a 1 ) spectral function is depicted in Fig. 4 . The improvement in precision in comparison to an exclusive sum of Fig. 1 and Fig. 3 spectral function. The band shows the corresponding spectral function using two times the vector spectral function from e + e − annihilation data minus the inclusively measured (v 1 + a 1 ) spectral function from τ decays. becomes obvious at higher mass-squared. One clearly sees the oscillating spectral function which does not seem to approach the asymptotic limit at s → M 2 τ , which is predicted from perturbative QCD to lie about 20% higher than the naive parton model prediction.
QCD CHIRAL SUM RULES
As important application of the results obtained from the spectral function analysis above, we present a study of four QCD sum rules involving the difference of the vector and the axialvector spectral functions, each deduced from vector and axial-vector current conservation in the limit of the chiral symmetry (m u = m d = 0,
Eq. (2) is known as the Das-Mathur-Okubo (DMO) sum rule [27] . It relates the given integral (I DMO ) to the square of the pion decay con- 2 [29] , determined by means of a careful fit to spacelike data [28] using a two-loop chiral expansion coefficient as additional degree of freedom. The error of r 2 π includes theoretical uncertainties. For completeness we will also express the results on the pion polarisability (see next paragraph) in terms of the standard value r 2 π = (0.439 ± 0.008) fm 2 [28] obtained from a one parameter fit to the same data [28] . Eqs (3) and (4) are the first and second Weinberg sum rules (WSR) [30] , where the pion pole in (3) is already integrated out. When switching quark masses on, only the first WSR remains valid while the second WSR breaks down due to contributions from the difference of non-conserved vector and axial-vector currents of order m 2 q /s, leading to a quadratic divergence of the integral [31] . 1 We now identify the vector and axial-vector spectral functions with the absorptive parts of the corresponding two-point correlation functions Π µν ij,V /A . 2 Our definition of fπ differs from the one used in [8] by a factor of √ 2.
Finally, Eq. (5) represents the electromagnetic splitting of the pion masses [32] . In addition to the the τ spectral functions, we again show the contribution from e + e − annihilation combined with the (v 1 + a 1 ) inclusive measurement. The horizontal band depicts the corresponding chiral prediction of the integrals taken from [12] .
We stress that only for the DMO sum rule (Fig. 6a) , where contributions from higher masssquares are suppressed, does the saturation within the one sigma error seem to occur at the τ mass scale. The other sum rules (Fig. 6b-c) are apparently not saturated at M 2 τ as already indicated by the non-vanishing (v 1 − a 1 ) spectral function at the end of the τ phase space. This is due to a small axial-vector contribution that is clearly below the QCD prediction at M 2 τ as can be seen in Fig. 3 .
The Polarisability of the Pion
In order to quantify the actual precision of the sum rules above, we determine the electric polarisability 3 of the pion, given by [33] 
utilizing the DMO sum rule I DMO (2) as proposed in [34] . The computation of the pion axial-vector form factor F A is most accurate using the measurement of the ratio γ ≡ F A /F V obtained from radiative pion decays π − → e −ν e γ. Using the weighted average γ = 0.46 ± 0.05 of the measurements [35] 3 The electric polarisability α E of a physical system can be understood classically as the proportionality constant which governs the induction of the dipole moment p of a system in the presence of an external electric field E: p = α E E. The polarisability is an important quantity to characterize a particle, i.e., in probing its inner structure.
(υ 1 -a 1 )(τ) 2υ 1 as well as the CVC relation between the pion vector form factor and the
as a theoretical prediction. Using the τ (v 1 − a 1 ) spectral functions, we evaluate the DMO integral at the τ mass scale as I τ DMO = (28.0 ± 1.6 ± 1.1)×10 −3 , where the first error is the direct propagated integration error using the covariance matrices of the spectral functions. The second error accounts for interpolation biases that occur because we do not integrate up to exactly s 0 = M 2 τ since the error of the spectral function diverges at the very end of the τ phase space. For the
with a χ 2 = 2.7/1 when compared to the above pure τ result, assuming both measurements to be 50% correlated. The weighted average (taking into account the correlation) is
According to the prescription of Ref. [8] , we increased the error by χ 2 /1 to account for some inconsistency. Combining (2) and (6) with the assumption that the contribution to (2) for s 0 > M 2 τ is negligible, i.e., the integral is saturated, one finds that the pion polarisability is
The figures in brackets give the corresponding result if we use the standard value of r 2 π = (0.439 ± 0.008) fm 2 [28] for the pion charge radius-squared. Both results (9) are in agreement with the chiral prediction (7) .
The authors of [34] (see also [37] ) used the first WSR (3) as an additional constraint to considerably improve the precision and the reliability of the I DMO evaluation as it naturally reduces the sensitivity to the saturation assumption.
Another approach to the solution of (2) deals with the Laplace-transformed DMO sum rule, which suppresses the high energy tail of the spectral function in order to improve saturation at M 2 τ and to increase the precision of the integral [34, 38] :
whereÎ DMO (M 2 ) = I DMO in the limit M 2 → ∞. At sufficiently high M 2 the impact of the dimension D = 6 and dimension D = 8 nonperturbative terms onÎ DMO (M 2 ) is small. One may use projecting sum rules with improved saturation to determine the corresponding phenomenological operators:
Obviously, Eq. (11) and (12) hold for s 0 → ∞ since the second term on the r.h.s. vanishes in the chiral limit by virtue of the second WSR (4). Unfortunately, the gain in convergence of the sum rules obtained from the insertion of the (even less convergent) second WSR is not very successful as it is accompanied by large additional errors. The coefficients β 1/2 in (11) and (12) depend on the high energy tail of the (v 1 − a 1 ) spectral function which can be expanded in powers of s 0 . They are estimated to be β 1 ≈ 1.5 and β 2 ≈ 2.8. We obtain, for the non-perturbative contributions, the extremely rough estimates (using τ data only):
This yields the most precise value ofÎ DMO =(26.3 ± 0.6) for τ spectral functions at (high) M 2 =2.6 GeV 2 enabling one to avoid the large errors of the inaccurate operator terms at low energy.
A more promising solution of Eq. (10) lies in a simultaneous fit ofÎ DMO and the nonperturbative terms by means of moments on the Borel parameter M 2 . We perform a χ 2 fit using the (strongly correlated) moments M 2 = 0.2, 0.7, 1.2, . . ., 3.7 GeV 2 in order to guarantee sufficient information for the constraint of the dimension D = 6 and D = 8 operators at low M 2 and nonbiased, purely perturbative contributions at high M 2 to fixÎ DMO through the Laplace-transformed DMO integral in (10) . The fit converges with a χ 2 = 2.3 over 5 degrees of freedom, yielding (for τ data)
which is in agreement with (8) .
The second error accounts for estimated uncertainties induced by the saturation assumption. From the fit, the non-perturbative contributions are C 6 O(6) =0.0029 ± 0.0002 GeV 6 and C 8 O(8) =−0.0015 ± 0.0003 GeV 8 with an anticorrelation of nearly 100%. Fig. 7 depictsÎ DMO as a function of M 2 for the pure τ and the combined τ and e + e − annihilation (v 1 − a 1 ) spectral functions. In this case, the pure τ spectral function provides smaller errors because of the more accurate two-pion contribution in τ decays which is strongly weighted in (10) . The shaded band shows the τ result without the non-perturbative terms. Non-perturbative contributions dominate the integral at M 2 < 1 GeV 2 and become negligible for M 2 > 2.5 GeV 2 as the comparison between the shaded and the hatched bands demonstrates.
Using (13) the electric polarisability is
with significantly lower errors compared to (9) due to the improved convergence of the Laplacetransformed DMO sum rule. Again the figures in brackets give the corresponding result when using the standard value of r 2 π .
THE MEASUREMENT OF α s
Tests of Quantum Chromodynamics and the precise measurement of the strong coupling constant α s at the τ mass scale carried out for the first time by ALEPH [5, 6] and CLEO [7] have been the subject of engaged discussions about theoretical and experimental implications, accompanied by a considerable number of interesting publications (see, e.g., [39, 40, 13, 41] ). Following the spirit of the previous ALEPH analysis [5, 6] , we determine α s (M τ ) and the contributing non-perturbative terms for the first time using the vector, axial-vector as well as vector plus axial-vector spectral functions and from a combined fit of all substantially uncorrelated input variables.
The τ Semileptonic Width
Using the analytic property of the vector/axialvector two-point correlation functions Π (J) ij,V /A , the non-strange, semileptonic τ decay rates R τ,V /A can be expressed as contour integrals in the complex s-plane [42, 4] 
The advantage of this formulation is that it avoids the integration over the whole energy-squared spectrum which includes large, uncontrolled nonperturbative effects. By means of the short distance OPE, the theoretical prediction of R τ,V /A separates in the following contributions (16) where |V ud | = 0.9752 ± 0.0007 [8] , S EW = 1.0194 as in (1) and the small non-logarithmic electroweak correction δ ′ EW ≃ 0.0010 [43] . The perturbative contribution δ P of the correlators in (15) is known to next-to-next-to-leading order α
The leading quark mass correction δ mass in (16) is safely neglected for u and d quarks (≈ −0.08% [13] ).
For the non-perturbative contribution δ NP we use the SVZ-approach [3] in terms of a power series of M τ .
Long-distance QCD effects are thereby separated into unpredictable, non-perturbative contributions, absorbed in dimensional, phenomenological operators O(D) and into short distance parts C D (Wilson Coefficients), calculable within perturbative QCD:
The first operator that involves non-perturbative physics appears at D = 4 and is linked to the gluon condensate.
Spectral Moments
To detach the measurement from theoretical constraints on the operators O(D), it is convenient to fit simultaneously α s (M τ ), O(4), O (6) and O (8) . In order to incorporate new experimental information, we exploit the explicit shape of the (normalized) vector/axial-vector invariant mass spectrum (1/N V /A ) dN V /A /ds by means of the spectral moments
where the choice of k = 1 and l = 0, 1, 2, 3 provides four additional (correlated) degrees of freedom for each vector and axial-vector fit.
Theoretical Uncertainties
The estimate of theoretical uncertainties which is included in the fit takes into account uncertainties in the physical constants used and tiny contributions from quark mass corrections. In addition, the effect of unknown higher order perturbative contributions is estimated by varying the leading unknown coefficient K 4 between zero and
(to be compared, e.g., with the experimental estimate K 4 = 27 ± 5 [44] ). The effect of the unknown β 4 coefficient of the β-function is estimated in a similar way but turns out to be small. The uncertainty from the ambiguity of the renormalization scale µ is rather small; nevertheless it is considered here. We additionally include rough estimates of higher order non-perturbative operators which are not measured here that lead to small contributions to the theoretical error.
The dominant theoretical uncertainty for the prediction of R τ,V /A comes from the unknown K 4 coefficient.
Results
Computing the sum of the branching fractions from Table 1 of the exclusive contributions to the vector and axial-vector spectral function yields the semileptonic widths
R τ,V +A+S = 3.649 ± 0.013 (± 0.036) , (21) where the first errors are from experimental origin while the second ones (in parentheses) represent uncertainties in the theoretical predictions as described in Section 5.1. The value of (21) is obtained via universality from the τ branching ratios into e −ν e ν τ and µ −ν µ ν τ and the τ lifetime which are all taken from [11, 8] . The relative rise of the theoretical error in (21) compared to (19) and (20) comes from the additional uncertainties in the strange sector. It can be reduced to ∆ th R τ,V +A+S = 0.034 when fitting simultaneously the mass of the strange quark via R τ,S [15] . Table 2 lists the measured values of the spectral moments (18) together with the experimental errors and the uncertainties from the theoretical predictions for the vector, axial-vector and vector plus axial-vector spectral functions. Note that all the moments obtained from the same spectral function are strongly correlated. The nonperturbative terms (17) are adjusted in the fit so that they do not contribute to the theoretical errors. In particular, theoretical uncertainties Table 3 Fit results of α s (M τ ) and the OPE non-perturbative contributions (17) from various input parameters: the V (A) fit uses R τ,V (R τ,A ) and the corresponding moments. The (V + A) moments are fitted together with R τ,V +A+S . The combined fit exploits the information of R τ,V , R τ,A , R τ,V +A+S and R τ,S as well as the vector and axialvector moments. Table 2 Spectral Moments of vector (V ), axial-vector (A) and vector plus axial-vector (V + A) τ decay modes. The first error lines give the total experimental error including statistical and systematic uncertainties while the second error lines account for uncertainties in the theoretical prediction. Table 3 . The combined fit uses as input parameters R τ,V , R τ,A , R τ,V +A+S , R τ,S and the vector and axial-vector moments. As mentioned above, the additional parameter R τ,S = 0.1560 ± 0.0064 [15] is used to adjust the strange quark mass in order to reduce the theoretical uncertainty of the R τ,V +A+S prediction. The gain from the separation of vector and axialvector channels compared to the inclusive V + A fit becomes obvious in the adjustment of the leading non-perturbative contributions of dimension D = 6 and D = 8, which cancel in the inclusive sum. The information for their accurate determination comes mainly from the high l = 3, 4 moments. Fig. 8 presents the total D = 6 contribution δ (6) = C 6 O(6) /M 6 to the vector and axial-vector hadronic widths as obtained from the combined fit. It is shown in comparison to recent experimental and theoretical constraints taken from [5, 18, 4, 45] . Fig. 9 depicts the constraints of R τ and the spectral moments on α s (M τ ) when using standard values for the non-perturbative contributions [4] with the addition of large systematic uncertainties. They are in excellent agreement with the best α s (M τ ) measurement obtained from the combined fit. The fact that the normalization of the respective spectra (R τ ) and their pure shapes (spectral moments) independently give consistent results is a remarkable confirmation of the reliability of the α s measurement using τ decays and the underlying SVZ approach (17) .
The evolution [46, 47] of the best α s (M τ ), taken from the combined fit, to the Z boson mass yields 
δ ( 6 ) ( A ) = ( -1 1 / 7 ) δ ( 6 ) ( V ) ( B N P 9 2 ) combined fit R τ , υ 1 , a 1 (ALEPH 96) The first error accounts for the experimental uncertainty, the second one gives the uncertainty of the theoretical prediction of R τ and the spectral moments, while the last error stands for possible ambiguities in the evolution due to uncertainties of the matching scales of the quark thresholds (0.0010) and effects associated with the truncation of the RGE at next-to-next-to-leading order (0.0003).
CONCLUSIONS
In this talk, we presented new results on τ hadronic spectral functions, measured by the ALEPH Collaboration at LEP, and their implications for QCD. With small inputs from unmeasured τ decay modes, the vector and axial-vector contributions could entirely be separated providing accurate experimental access to chiral sum rules and non-perturbative phe- . Results for α s (M τ ) using R τ only, the moments only and the combined information from vector and axial-vector τ decays. Additionally, the result from R τ,V +A+S only is plotted. The shaded band depicts α s (M τ ) from the combined vector and axial-vector fit as given explicitly in Table 3. nomenological QCD. We used moments of the Laplace-transformed Das-Mathur-Okubo (DMO) sum rule for a precise determination of the DMO integral and, through it, of the electric polarisability of the pion. Finally, we used both vector and axial-vector spectral functions for an exhaustive study of α s and leading non-perturbative terms at the τ mass scale. For the first time, the latter could be fixed with surprising precision from τ decays. A combined fit of all output variables yielded α s (M Z ) = 0.1219 ± 0.0019 after the evolution from the τ to the Z mass.
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Above we have listed some references according to the sequential numeric system [1] [2] [3] [4] . We present new results for the hadronic spectral functions analysis using data accumulated by the ALEPH detector at LEP during the years 1991{94. In addition to the vector spectral function, the axial-vector spectral function and, separately, the ! 2 + as well as the ! 2 0 spectral functions are determined from their respective unfolded, i.e., physical invariant mass spectra. The spectral functions are applied to QCD chiral sum rules in order to extract information about saturation at the mass scale. Using the the semi-leptonic decay rate for vector and axial-vector currents in addition to spectral moments, we obtain precise measurements of the strong coupling constant s(M ) and the contributing non-perturbative power terms. The evolution to the Z mass yields s(MZ) = 0.1219 0.0019.
INTRODUCTION
Spectral functions of hadronic decays are the key objects for various interesting studies concerning resonance structure analysis, the Conserved Vector Current hypothesis (CVC) and QCD tests involving strong sum rules and the measurement of s . The ALEPH measurement of the vector spectral functions and related topics was presented at the same conference by R. Alemany 1] (see also 2]).
In this article we deal with new data of the spectral functions from non-strange, axial-vector hadronic decays measured by the ALEPH Collaboration. We create the sum and the difference of vector and axial-vector spectral functions to get access to information about the saturation of QCD sum rules at the mass scale. As an application, we determine the electric polarisability of the pion from chiral QCD constraints. In calculating the semi-leptonic widths and so-called spectral moments of the vector and axial-vector currents, we independently fit the strong coupling constant s (M ) and the respective nonperturbative contributions of the Operator Product Expansion (OPE) power series 3,4] using the framework already exploited in previous analyses 5{7]. We finally perform a combined fit of all components in order to obtain the best value of s (M ).
SPECTRAL FUNCTIONS OF VEC-TOR AND AXIAL-VECTOR CUR-RENTS
The measurement of the non-strange vector (axial-vector) current spectral functions requires the selection and identification of decay modes with a G-parity G=+1 (G= 1), i.e., 
THE MEASUREMENT PROCEDURE
The measurement of the spectral functions defined in Eq. (1) requires the determination of the physical invariant mass-squared distribution. The details of the analysis are reported in 2]. A description of the ALEPH detector and its performance is published in 14].
In the following, we will briefly outline the important steps of the measurement procedure: { Tau pairs originating from Z 0 decays are detected utilizing their characteristic collinear jet signature and the low multiplicity of their decays. Using the data from 1991{94, a total 124 358 pairs is selected corresponding to a detection efficiency of (78.8 0.1)%. The overall non-background contribution in the hadronic modes amounts to (0.6 0.2)%. Details about the ALEPH pair selection are given in 16{18].
{ Charged particles (electrons, muons and hadrons) are identified employing a maximum likelihood method to combine different and essentially uncorrelated information measured for each individual track. The procedure and the discriminating variables used in this analysis are described in 19, 17] . The calibration of charged tracks is performed using low radiating e + e ! + events at beam energy and the invariant mass measurement of well-known, narrow resonances at low and intermediate energies. The resulting calibration uncertainty amounts to less than 0.1%. { Photons are reconstructed by collecting associated energetic electromagnetic calorimeter (ECAL) towers, forming a cluster. To distinguish genuine photons from fake photons a likelihood method is applied using ECAL information, e.g., the fraction of energy in the respective ECAL stacks, the transverse size of the shower or the distance between the barycentre of the cluster and the closest charged track. The energy calibration is performed using electrons originating from Bhabha, and two-photon events. We obtain a relative calibration uncertainty of about 1.5% at low energy, 1% at intermediate energies and 0.5% at high energy. { The 0 finder uses the virtue of a 0 -mass constraint fit to correctly attribute two reconstructed photons to the corresponding 0 decay. At higher 0 energy, the opening angle between the boosted photons tends to become smaller than the calorimeter resolution so that the two electromagnetic showers are often merged in one cluster. The transverse energy distribution in the ECAL nevertheless allows the computation of energy-weighted moments providing a measure of the two-photon invariant mass. Remaining photons are considered as originating from a 0 where the second photon has been lost. { The classification of the inclusive hadronic decay channels is performed according to 18] on the basis of the number of reconstructed charged and neutral pions. The exclusive channels listed in Table 1 are obtained by subtracting the and non-background and the strange contribution from the inclusive measurements using the Monte Carlo simulation. In order to extract the physical invariant mass spectra from the measured ones it needs to be unfolded from the effects of measurement distortion.
{ The unfolding method used here is based 
Systematic Errors
The study of systematic errors affecting the measurement is subdivided into several classes according to their origin, viz., the photon and 0 reconstruction, the charged track measurement, the unfolding procedure and additional sources. Since we use an unfolding procedure based upon a detector response matrix from the Monte Carlo simulation, the reliability of the simulation has to be subjected to detailed studies 2,1,18].
In order to check the photon reconstruction in the ECAL, we studied the influence of calibration and resolution uncertainties as well as possible problems with the reference distributions of a likelihood used to veto fake photon candidates, of the contamination and energy distribution of fake photons, of the photon detection efficiency at threshold energies (E thresh = 300 MeV) and in the neighborhood of charged tracks.
Finally, we add systematic errors due to the limited Monte Carlo statistics and to uncertainties in the branching ratios of the respective decay modes.
Invariant Mass Spectra and Spectral Functions
The measurement procedure sketched above provides the physical invariant mass spectra of the measured decay modes including their respective bin-to-bin covariance matrices obtained after the unfolding of the spectra from the statistical errors and the study of systematic uncertainties.
The exclusive vector and axial-vector decay channels are listed in Table 1 . The branching ratios shown are mainly taken from 18], including recent improvements in the precision of the measurements of decays involving and ! mesons 21,22] as well as Kaons 23] .
The total vector and axial-vector current spectral function (1) is obtained by summing up the exclusive spectral functions with the addition of small contributions from unmeasured modes. These are taken from the KORALZ3.8, TAUOLA1.5 24] Monte Carlo simulation (accompanied by an in ated systematic error), as discussed below.
Vector Spectral Function
The two-and four-pion states are measured exclusively, while the six-pion state is only partly measured. The total six-pion branching ratio has been determined in 2] using isospin symmetry. However, this procedure is not straight forward, as one has to consider that the six-pion channel is contaminated by isospin-violating ! 2 + , 2 0 decays (which were reported for the first time by the CLEO Collaboration 22]).
The small fraction of the ! decay channel that is not reconstructed in the four-pion final state is added using the simulation.
Similarly, we correct for 0 decay modes other than ! 2 which is classified in the h 3 0 final state. The K K 0 is taken entirely from the simulation.
Using isospin constraints from branching ratios deduced in 25], it can be shown 15] that the K K channels are (78 +22 28 )% vector. The corresponding spectral functions are obtained from the Monte Carlo simulation. A preliminary ALEPH analysis 2] of decays into K K final states yields a total branching ratio of (0.17 0.05)%. However, their vector and axial-vector parts are unknown and are therefore both estimated to be (50 50)%.
For additional details on the vector spectral functions see Ref. 2, 1] . The total vector spectral function is compared to the isospin rotated cross sections from isovector e + e final states 2,1] is depicted in Fig. 1 . The agreement between both curves is fairly good, keeping in mind the appearance of large bin-to-bin correlations within the spectral function as a consequence of the necessary regularisation during the unfolding procedure. 
Axial-Vector Spectral Function
The three-pion spectral functions are measured in both occurring final states. Fig. 2 shows the unfolded 2 + and 2 0 mass spectra with reasonable agreement in form and normalization. The small bump of the measured 2 + spectrum at low mass (Fig. 2) is caused by decays where only two charged tracks are reconstructed. Due to incomplete ECAL energy collection, the measured 2 0 distribution is slightly shifted to lower masses. These details are well reproduced by the Monte Carlo simulation. We assume in the following that both channels have identical spectra and use the weighted average of the distributions for the total axial-vector spectral function.
The five-pion spectral functions are exclusively measured in the 2 + 2 0 and 3 2 + final states. Using Pais' isospin classes 26], the branching fraction of 4 0 can be bounded entirely using the 3 2 + 0 branching fraction. It is found to be smaller than 0.055%. We take half of this upper limit with an error of 100%. In analogy to the vector case, we add the small fraction of the ! 0 decay channel that is not accumulated in the 2 + 2 0 final state using the simulation. Also considered are the axial-vector (3 ) final states 22] and, as in the vector case, a (50 50)% K K contribution. Both spectral functions are taken from the simulation accompanied by comfortable systematic errors due to the uncertainty of the respective invariant mass distributions.
The total axial-vector spectral function is plotted in Fig. 3 . However, we are still not in the asymptotic region at the mass scale. We may expect additional oscillations to lift the spectral function to roughly 1.2 times the naive parton model prediction (that is expected asymptotically). (v 1 + a 1 ) Spectral Function
In the favourable case of the vector plus axialvector spectral function we do not have to distinguish the current properties of the respective non-strange hadronic decay channels. Hence we measure the mixture of all contributing nonstrange final states as inclusively as possible. The dominating two-and three-pion final states are still measured exclusively, while the remaining contributing topologies are treated inclusively, i.e., without any subtraction of -background originating from one of the considered decay modes. This improves the statistical error. Another advantage is, that we do not have to worry about the current properties of the K K and K K modes or about possible missing, i.e., unmeasured, decay modes as they are necessarily contained in the inclusive sample.
The (v 1 + a 1 ) spectral function is depicted in Fig. 4 . The improvement in precision in comparison to an exclusive sum of Fig. 1 and Fig. 3 (3) and (4) We stress that only for the DMO sum rule (Fig. 6a) , where contributions from higher masssquares are suppressed, does the saturation within the one sigma error seem to occur at the mass scale. The other sum rules (Fig. 6b{c) are apparently not saturated at M 2 as already indicated by the non-vanishing (v 1 a 1 ) spectral function at the end of the phase space. This is due to a small axial-vector contribution that is clearly below the QCD prediction at M 2 as can be seen in Fig. 3 .
The Polarisability of the Pion
In order to quantify the actual precision of the sum rules above, we determine the electric polarisability 3 The electric polarisability E of a physical system can be understood classically as the proportionality constant which governs the induction of the dipole moment p of a system in the presence of an external electric field E: p = E E. The polarisability is an important quantity to characterize a particle, i.e., in probing its inner structure. Another approach to the solution of (2) The shaded band shows the result without the non-perturbative terms. Non-perturbative con- (14) with significantly lower errors compared to (9) due to the improved convergence of the Laplacetransformed DMO sum rule. Again the figures in brackets give the corresponding result when using the standard value of hr 2 i.
THE MEASUREMENT OF s
Tests of Quantum Chromodynamics and the precise measurement of the strong coupling constant s at the mass scale carried out for the first time by ALEPH 5, 6] and CLEO 7] have been the subject of engaged discussions about theoretical and experimental implications, accompanied by a considerable number of interesting publications (see, e.g., 39, 40, 13, 41] ). Following the spirit of the previous ALEPH analysis 5,6], we determine s (M ) and the contributing non-perturbative terms for the first time using the vector, axial-vector as well as vector plus axial-vector spectral functions and from a combined fit of all substantially uncorrelated input variables.
The Semileptonic Width
Using the analytic property of the vector/axialvector two-point correlation functions (J) ij;V=A , the non-strange, semileptonic decay rates R ;V=A can be expressed as contour integrals in the complex s-plane 42, 4] R ;V=A = 6 i I ud;A : (15) The advantage of this formulation is that it avoids the integration over the whole energy-squared spectrum which includes large, uncontrolled nonperturbative effects. By means of the short distance OPE, the theoretical prediction of R ;V=A separates in the fol- The perturbative contribution P of the correlators in (15) is known to next-to-next-to-leading order 3 s . Moreover, the series is resummed to all orders up to the unknown perturbative coefficients of the QCD -function. Hence the convergence of the series is reinforced and the dependence on the scale and the choice of the renormalization scheme is reduced 40]. 
Theoretical Uncertainties
The estimate of theoretical uncertainties which is included in the fit takes into account uncertainties in the physical constants used and tiny contributions from quark mass corrections. In addition, the effect of unknown higher order perturbative contributions is estimated by varying the leading unknown coefficient K 4 between zero and K 4 2jK 3 (K 3 =K 2 )j 50 (to be compared, e.g., with the experimental estimate K 4 = 27 5 44] ).
The effect of the unknown 4 coefficient of thefunction is estimated in a similar way but turns out to be small. The uncertainty from the ambiguity of the renormalization scale is rather small; nevertheless it is considered here. We additionally include rough estimates of higher order non-perturbative operators which are not measured here that lead to small contributions to the theoretical error.
The dominant theoretical uncertainty for the prediction of R ;V=A comes from the unknown K 4 coefficient.
Results
Computing the sum of the branching fractions from Table 1 of the exclusive contributions to the vector and axial-vector spectral function yields the semileptonic widths R ;V = 1:782 0:018 ( 0:016) ; (19) R ;A = 1:711 0:019 ( 0:016) ; (20) R ;V +A+S = 3:649 0:010 ( 0:036) ; (21) where the first errors are from experimental origin while the second ones (in parentheses) represent uncertainties in the theoretical predictions as described in Section 5.1. The value of (21) is obtained via universality from the branching ratios into e e and and the lifetime which are all taken from 11, 8] . The relative rise of the theoretical error in (21) compared to (19) and (20) comes from the additional uncertainties in the strange sector. It can be reduced to th R ;V +A+S = 0:034 when fitting simultaneously the mass of the strange quark via R ;S 15]. Table 2 lists the measured values of the spectral moments (18) together with the experimental errors and the uncertainties from the theoretical predictions for the vector, axial-vector and vector plus axial-vector spectral functions. Note that all the moments obtained from the same spectral function are strongly correlated. The nonperturbative terms (17) are adjusted in the fit so that they do not contribute to the theoretical errors. In particular, theoretical uncertainties Table 3 Fit results of s (M ) and the OPE non-perturbative contributions (17) The first error accounts for the experimental uncertainty, the second one gives the uncertainty of the theoretical prediction of R and the spectral moments, while the last error stands for possible ambiguities in the evolution due to uncertainties of the matching scales of the quark thresholds (0.0010) and effects associated with the truncation of the RGE at next-to-next-to-leading order (0.0003).
CONCLUSIONS
In this talk, we presented new results on hadronic spectral functions, measured by the ALEPH Collaboration at LEP, and their implications for QCD. With small inputs from unmeasured decay modes, the vector and axial-vector contributions could entirely be separated providing accurate experimental access to chiral sum rules and non-perturbative phe- The shaded band depicts s (M ) from the combined vector and axial-vector fit as given explicitly in Table 3 .
nomenological QCD. We used moments of the Laplace-transformed Das-Mathur-Okubo (DMO) sum rule for a precise determination of the DMO integral and, through it, of the electric polarisability of the pion. Finally, we used both vector and axial-vector spectral functions for an exhaustive study of s and leading non-perturbative terms at the mass scale. For the first time, the latter could be fixed with surprising precision from decays. A combined fit of all output variables yielded s (M Z ) = 0.1219 0.0019 after the evolution from the to the Z mass.
